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Topologically nontrivial two-dimensional materials hold great promise for next-generation optoelectronic ap-
plications. However, measuring the Hall or spin-Hall response is often a challenge and practically limited to
the ground state. An experimental technique for tracing the topological character in a differential fashion would
provide useful insights. In this work, we show that circular dichroism angle-resolved photoelectron spectroscopy
(ARPES) provides a powerful tool which can resolve the topological and quantum-geometrical character in mo-
mentum space. In particular, we investigate how to map out the signatures of the local Berry curvature by
exploiting its intimate connection to the orbital angular momentum. A spin-resolved detection of the photoelec-
trons allows to extend the approach to spin-Chern insulators. Our predictions are corroborated by state-of-the
art ab initio simulations employing time-dependent density functional theory, complemented with model calcu-
lations. The present proposal can be extended to address topological properties in materials out of equilibrium
in a time-resolved fashion.
I. INTRODUCTION
The discovery of the remarkable physical consequences in
materials of the Berry curvature of wave-functions has spurred
progress across many research fields in physics. In periodic
solids, the most notable examples are topological insulators
(TIs) and superconductors [1, 2], in which a global topolog-
ical invariant emerges from momentum-space integrals of the
Berry curvature. This global topology gives rise for exam-
ple to a quantized Hall conductance carried by surface or edge
states [1]. In particular, two-dimensional (2D) systems are cur-
rently in the spotlight, for their flexibility in creating van der
Waals heterostructures and thus potentially next-generation
transistor devices [3]. However, independently of global topol-
ogy, it is becoming increasingly evident that also local quan-
tum geometry can have dramatic physical consequences. Hal-
dane pointed out the consequence of Berry curvature on the
Fermi surface for Fermi-liquid transport properties [4], reinter-
preting the Karplus-Luttinger anomalous velocity [5] in mod-
ern Berry phase language. Similarly, a geometrical descrip-
tion of the fractional quantum Hall effect was proposed [6].
Examples of physical consequences of quantum geometry, ex-
pressed as the Fubini-Study metric, include unusual current-
noise characteristics [7] or the geometric origin of superflu-
idity in flat-band systems [8]. Other prominent examples for
the impact of local Berry curvature are strongly anisotropic
high-harmonic generation signals from hexagonal boron ni-
tride (hBN) or transition metal dichalogenides [9, 10], the val-
ley Hall effect [11, 12] and chiral photocurrents in topological
Weyl semimetals [13, 14]. Also, the recently discovered non-
linear Hall effect [15–17] in topologically trivial systems is an
important manifestion of local Berry curvature effects.
In contrast to cold atoms in optical lattices, where measure-
ments of local Berry curvature were recently demonstrated
[18], the observation of the local Berry curvature in materials
still poses a challenge. Although remarkable progress [19–22]
in predicting and realizing large-gap 2D TIs has beenmade, al-
ternative efficient ways of exploring topological properties are
necessary to further advance this active branch of materials re-
search. Recent theoretical proposals [23, 24] and experimental
realizations [25] in ultracold atomic gases have demonstrated
a quantization of circular dichroism in the photoabsorption,
which enables a clear distinction between topologically triv-
ial and nontrivial phases. Similarly, dichroic selection rules
determine the optical absorption of 2D materials, especially
in presence excitons [26]. The underlying mechanism is –
similar to magnetic systems [27] – the intrinsic magnetiza-
tion resulting from orbital angular momentum (OAM). In this
work, we demonstrate that the extension of this approach to
angle-resolved photoemission (ARPES) with circularly polar-
ized light provides direct information on the Berry curvature
in 2D systems. Unlike photoabsorption, the circular dichro-
ism in the angular distribution is sensitive to the momentum-
resolved OAM and thus gives access to valley-resolved topo-
logical properties. This enables tracing the local Berry cur-
vature, which is hardly accessible by other experimental tech-
niques.
We demonstrate the connection between circular dichroism,
OAM and the Berry curvature by considering simple tight-
binding (TB) models and confirm our findings by state-of-
the-art ab initio calculations [28] based on real-time time-
dependent density functional theory (TDDFT) [29, 30]. The
latter formalism provides a realistic description of the full ion-
ization process including final-state effects, transport through
material, electron-electron interaction and non-equilibrium
dynamics [31–36]. While we will focus the discussion on
paradigmatic systems similar to graphene, our results are
generic and can be applied to other 2D materials.
II. BERRY CURVATURE AND ORBITAL ANGULAR
MOMENTUM
OAMand the resulting orbital magnetization is a fundamen-
tal property of the Bloch wave-functions of individual bands
and has an intimate connection to the Berry curvature. To il-
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FIG. 1. Illustration of the Berry curvature and orbital angular mo-
mentum. The surfaces represent the valence and conduction band,
while the coloring indicates the Berry curvature. The arrows illus-
trate the orbital angular momentum of the valence band.
lustrate this relation and its manifestation in ARPES, let us
consider a generic 2D material, possibly with spin-orbit cou-
pling (SOC). In strictly 2D systems, the 푧-projection of the
spin 푆푧 is still an exact quantum number even in the presenceof SOC [21], such that the general Bloch Hamiltonian in the
spinor basis reads
퐻̂(퐤) =
(
ℎ̂↑(퐤) 0
0 ℎ̂↓(퐤)
)
. (1)
Note that the finite spread of the binding potential in the out-
of-plane direction as well as structural deviations from 2D ge-
ometry (such as buckling) break, in principle, the conservation
of 푆푧. Nevertheless, the Hamiltonian (1) provides an excellentapproximation for the systems investigate here. The validity of
this description is underpinned in Appendix A.
In the absence of magnetism, time-reversal symmetry
(TRS) holds, constraining ℎ̂↓(퐤) = [ℎ̂↑(−퐤)]∗ and giving rise
to a degeneracy of the spin-resolved bands: ℎ̂휎(퐤)|푢퐤훼휎⟩ =
휀퐤훼|푢퐤훼휎⟩.The individual bands possess intrinsic properties which are
determined by the band structure topology. An important ex-
ample of such properties is the OAM. The full description of
the OAM and the related orbital magnetization in terms of the
Berry phase theory [37, 38] (so-called modern theory of po-
larization) has been formulated relatively recently. For a band
훼 with spin 휎, the orbital moment is defined as
퓁푧(퐤) =
푚
ℏ
Im⟨휕푘푥푢퐤훼휎|ℎ̂휎(퐤) − 휀퐤훼|휕푘푦푢퐤훼휎⟩. (2)
This shows that the orbital magnetization푚푧(퐤) = (푒∕푚)퓁푧(퐤)is an intrinsic property of the underlying band, related to self-
rotation, which can emerge even if no magnetic atoms are
present.
The orbital moment (2) transforms exactly as the Berry cur-
vature under symmetry operations, underpinning their tight
connection. In particular, in the case where the Berry curva-
ture is primarily due to a valence (푣) band coupling to a con-
duction (푐) band, the OAM becomes proportional to the Berry
curvature Ω푣휎(퐤) of the valence band:
퓁푧(퐤) = −
푚
ℏ
(휀퐤푐 − 휀퐤푣)Ω푣휎(퐤) . (3)
TRS implies Ω푣↑(퐤) = −Ω푣↓(−퐤), while inversion symme-try results in Ω푣↑(퐤) = Ω푣↑(−퐤). Hence, in systems possess-ing both symmetries, Ω푣↑(퐤) = −Ω푣↓(퐤) holds; in absence ofSOC the Berry curvature and thus the OAM vanishes exactly.
Therefore, measuring the momentum-resolved OAM allows to
map out the local Berry curvature.
For graphene-like insulating systems, the Berry curvature
and the OAM for the three possible scenarios are sketched in
Fig. 1. Graphene (neglecting the SOC) possesses inversion
symmetry, and respective sublattice sites on the honeycomb
lattice are equivalent; hence 퓁푧(퐤) is zero in both spin chan-nels, giving rise to a Dirac semimetal. Breaking inversion
symmetry – for instance by considering systems with inequiv-
alent atoms on the respective sublattice sites as in hexagonal
boron nitride (hBN) – opens a gap and generates a nonzero
Berry curvature. The resulting trivial insulator shows OAM
at the Dirac points K and K′ with opposite sign due to TRS.
The system is characterized by a nonzero valley Chern num-
ber 퐶val(퐾) = −퐶val(퐾 ′) = ∫val(퐾) 푑퐤Ω푣(퐤)∕2휋, indicating apronounced valley magnetization [39].
Spin-orbit coupling in graphene-like systems renders them
(type-II) ℤ2 spin Chern insulators [1], according to the Kane-Mele mechanism [40]. The bands exhibit an inverted orbital
character at K and K′, respectively, while the TRS is bro-
ken for each spin channel individually (even though the sys-
tem possesses global TRS). Considering the total OAM, the
spin Chern number 퐶푠 = ±1 indicates a total chiral 퐿푧 =∫ 푑퐤퓁푧(퐤) ≠ 0, with the same magnitude and opposite signfor spin-up and spin-down electrons, respectively.
While optical techniques sensitive to a total chirality –
such as magnetic circular dichroism (MCD) – cannot sep-
arate out the individual spin channels, advances in spin-
resolved ARPES [41] (sARPES) enable a selective measure-
ment of spin-up or spin-down photoelectrons. A dichroic
sARPES measurement would allow to map out momentum-
and spin-resolved OAM properties, which is hard to achieve
by other methods. Recent experiments on chiral surface states
in TIs [42] demonstrate the feasibility of detecting circular
dichroism in photoemission.
III. CIRCULAR DICHROISM IN SPIN- AND
ANGLE-RESOLVED PHOTOEMISSION
To discuss how the OAM is reflected in ARPESwe consider
the photoemission intensity as described by Fermi’s Golden
Rule in the dipole approximation [43]
퐼(퐩, 휀푓 ) ∝
|||⟨휒퐩,푝⟂ |휖̂ ⋅ 퐷̂|휓퐤훼⟩|||2 훿(휀퐤훼 + ℏ휔 − 휀푓 ) , (4)
where |휓퐤훼⟩ denotes the Bloch state corresponding to the cell-periodic wave-function |푢퐤훼⟩. The photon energy is given by
ℏ휔, and 휀푓 = (퐩2 + 푝2⟂)∕2 is the energy of the photoelectron
final state |휒퐩,푝⟂⟩. Thematrix element of the dipole operator 퐷̂
3and the polarization direction 휖̂ determine the selection rules.
The in-plane momentum 퐩 is identical to the quasi-momentum
퐤 up to a reciprocal lattice vector. We can extend Eq. (4) to the
spin-resolved intensity 퐼휎(퐩, 휀푓 ) by assuming a spin-resolveddetection of the final states |휒퐩,푝⟂,휎⟩, fixing the photoelectronspin 휎.
To detect OAM textures, we exploit the circular dichro-
ism in ARPES. As sketched in Fig. 2(a) we consider the ex-
perimental situation, where the probe field is either left-hand
(LCP) or right-hand circularly polarized (RCP), with the po-
larization vector 휖̂(±) in plane, i. e. normal incident fields. The
corresponding ARPES intensities 퐼 (±)(퐤, 휀푓 ) then define the
total (unpolarized) 퐼tot(퐤, 휀푓 ) = 퐼 (−)(퐤, 휀푓 ) + 퐼 (+)(퐤, 휀푓 ) and
circular dichroism 퐼CD(퐤, 휀푓 ) = 퐼 (−)(퐤, 휀푓 ) − 퐼 (+)(퐤, 휀푓 ) sig-nal.
A. Connection to orbital angular momentum
The close connection between the dichroic signal 퐼CD(퐤, 휀푓 )and the Berry curvature is already apparent from symmetry
considerations. TRS dictates 퐼CD(퐤, 휀푓 ) = −퐼CD(−퐤, 휀푓 ),such that the circular dichroism integrated over the whole
Brillouin zone (BZ) vanishes. In addition, a system possess-
ing inversion symmetry results in an exactly vanishing valley-
integrated circular dichroism, analogous to the Berry curva-
ture. This argument demonstrates that the breaking of TRS –
a characteristic property of Chern insulators – is reflected in a
nonzero total circular dichroism.
The manifestation of local OAM chirality in the circular
dichroism can be understood intuitively in terms of the wave
packet picture, which is also playing a fundamental role in the
theory of orbital magnetization [44]. Instead of a Bloch initial
state |휓퐤푐훼⟩, we can consider a wave packet |푊퐤훼⟩ composedof momenta close to 퐤. Hence, 푊퐤훼(퐫) has a finite spread inreal space and properties similar to a molecular orbital. In par-
ticular, its OAM is given by ⟨퐿̂푧⟩ = ⟨푊퐤훼|퐿̂푧|푊퐤훼⟩; in thelimit of an infinitely sharp distribution, such that |푊퐤훼⟩ be-
comes identical to |휓퐤훼⟩, one finds ⟨퐿̂푧⟩ = 퓁푧(퐤). Nonzero⟨퐿̂푧⟩ indicates self-rotation of the wave packet, which will bereflected in the dipole selection rules in the ARPES matrix el-
ements in Eq. (4).
This picture can be used to obtain a qualitative de-
scription of the dichroism, as detailed in Appendix B.
Introducing the analogue of a cell-periodic function by
퐹퐤훼(퐫) = 푒−i퐤⋅퐫푊퐤훼(퐫), its OAM properties can be ana-
lyzed by projecting it onto eigenfunctions of 퐿̂푧: 퐹퐤훼(퐫) =
1∕
√
2휋
∑
푚 푒
i푚휃퐤훼,푚(푠, 푧), where (푠, 휃) are the in-plane polarcoordinates. Replacing the final states by plane waves (PWs),
one can approximate the matrix elements in Eq. (4) by
푀 (±)훼 (퐤, 푝⟂) ≈ ∫
∞
0
푑푠 ∫
∞
−∞
푑푧 푒−i푝⟂푧푠2퐤훼,∓1(푠, 푧) . (5)
Therefore, the OAM properties of the initial state are directly
reflected in the circular dichroism. In particular, ⟨퐿̂푧⟩ = 0typically implies 퐤훼,+1(푠, 푧) = 퐤훼,−1(푠, 푧); hence the circu-lar dichroism vanishes. In Appendix B, we discuss the illus-
trative example of hBN and analyze the OAM properties in
detail.
B. Calculation of photoemission spectra
To compute ARPES from first principles one does not need
to resort to the approximated one-step model of photoemission
like the one of Eq. (4). Instead of using Eq. (4) we employ
TDDFT [29] with the t-SURFFP method [28] which avoids
any reference to explicit final states by directly computing the
momentum and energy distribution of the photocurrent cre-
ated by a specific pulse field and thus allows to compute the
intensity directly from the real-time evolution.
While the first-principles approach provides results in excel-
lent agreement with experiments (see below), a more intuitive
understanding can be gained by considering a simple model
for the direct evaluation of Eq. (4). The Bloch states are rep-
resented by a TB model of atomic orbitals, while replacing
the final states |휒퐩,푝⟂⟩ in this equation by PWs |퐩, 푝⟂⟩ elim-inates scattering of the photoelectron from the lattice, which
allows us to focus on the intrinsic contribution of the Bloch
states to the ARPES intensity. The matrix elements in Eq. (4)
are computed in the length gauge, which encodes the selection
rules with respect to the LCP or RCP polarization. In what fol-
lows, we refer to the resulting model as TB+PW model. Fur-
thermore, an analytical treatment is possible in certain cases,
providing a clear physical picture.
The combination of the two methods allows a comprehen-
sive analysis. The details on both methods can be found in
Appendix C and D.
IV. RESULTS
Here we investigate the three classes of 2D materials rep-
resented in Fig. 1, namely the Dirac semimetal, trivial insula-
tor and topological insulator, and identify the distinct features
of the circular dichroism in ARPES. The Dirac semimetal we
consider is graphene, while hBN exemplifies a trivial insulator.
As examples of topological insulators we study bismuthane
and graphene with artificially enhanced SOC.
A. Graphene
We start by discussing ARPES from graphene, which is the
prototype of a 2D material. We focus on the regions in the
first BZ close to the two inequivalent Dirac points (Fig. 2(b)).
The photon energy is fixed at ℏ휔 = 52 eV. Neglecting the very
weak SOC, spin resolution is not required at this point.
Figure 2(c)–(d) shows a typical ARPES cut at fixed 휀푓 , ob-tained by the t-SURFFP approach. Consistent with experi-
ments [45, 46], the prominent dark corridor (region of minimal
intensity) is observed in the Γ–K or Γ–K′ direction at this pho-
ton energy. The dark corridor is a consequence of destructive
interference of the emission from the two sublattice sites [46],
which can be illuminated by 푠-polarized light [47].
4LCP
RCP
I⥁+ I⥀
I⥁ - I⥀
I⥁+ I⥀
I⥁ - I⥀
Itot (TDDFT)
ICD (TDDFT)
Itot (TB)
ICD (TB)
K
K'
εF
energy (eV)
int
en
sit
y (
ar
b.
 u
.)
(a)
(c) (d)
(e) (f)
(g)
e-
KL Γ
w/o SOC
SOC×500
(b) K
K'
Γ
L
K'
εF
×20
K
energy (eV)
εF
×20
(h)0 Imax Imax-Imax 0
FIG. 2. (a) Sketch of the calculation setup: photoemission by left- (LCP) or right- (RCP) hand circularly polarized light, with polarization
vector in the plane. (b) Band structure of graphene close to the Dirac point with zero (black line) and enhanced (blue line) SOC, respectively,
obtained from density functional theory (DFT). The first Brillouin zone (BZ) of the system with honeycomb lattice is shown in the inset. The
shaded boxes indicate the magnified regions shown in (c)–(f). (c) and (d): total ARPES intensity 퐼tot(퐤, 휀푓 ) (normalized to its maximum value
퐼max) at 휀푓 = 47 eV, close to the K and K′ point, respectively. (e)–(f): corresponding dichroic signal 퐼CD(퐤, 휀푓 ). (g): Integrated signal (overthe shaded regions in (b)) 퐼tot and 퐼CD as a function of the binding energy. The black arrow indicates the energy for which the angle-resolvedintensities in (c)–(f) are shown. (h) Integrated signal from spin-up electrons (analogous to (g)) for graphene with enhanced SOC.
The calculated dichroic signal 퐼CD(퐤, 휀푓 ), shown inFig. 2(e)–(f), is in very good agreement with experimental data
reported in Ref. [48]. In particular, when following a path per-
pendicular to the Γ–K direction, the chiral character is consis-
tent with the experimental data from Ref. [49]. As is appar-
ent from Fig. 2(e)–(f), the valley-integrated circular dichro-
ism vanishes. This is confirmed by both theoretical methods,
shown in Fig. 2(g), where we compare the integrated TDDFT
results to those of the TB+PW model for an integration range
corresponding to the two shaded regions in Fig. 2(b), finding
excellent agreement. Hence, the dichroic properties provide a
direct proof of the vanishing Berry curvature.
B. Hexagonal boron nitride
We now turn to the paradigmatic case of a trivial insula-
tor with broken inversion symmetry (as sketched in Fig. 1) by
studying single-layer hBN. Similar to graphene, hBN is a 휋-
conjugated system dominated by 푝푧 orbitals on the sublatticesites with a large ionic-like band gap. The Berry curvature be-
comes finite and very pronounced around the K and K′ points.
ComparingΩ푣(퐤) of the top valence bandwithin the TBmodeland the first-principles calculation (Fig. 3(a)), the excellent
agreement indicates that the orbital mixing of the top valence
and bottom conduction band – of predominant 푝푧 orbital char-acter – gives the main contribution to Ω푣(퐤). Hence, Berrycurvature and OAM 퓁푧(퐤) are are proportional to each other,c. f. Eq. (3). The valley-integrated OAM is 퐿푧 ≈ ±0.1 withopposite sign at K and K′, respectively (Fig. 3(a)). We have
also explictly evaluated wave packets and the associated OAM
in Appendix B. The prediction of the dichroism from Eq. B6
is qualitatively in line with the calculated circular dichroism in
Fig. 3(d)–(e).
The valley-resolved measurement provided by ARPES – as
opposed to MCD [27] – allows to trace the valley OAM [50].
Because of the direct link to the local Berry curvature (Eq.
(3)) this provides a way of measuring the valley Chern number.
Figure 3(b)–(c) shows the unpolarized signal 퐼tot(퐤, 휀푓 ) for
hBN close to the K and K′ points. Note the suppression of the
dark corridor, which is due to the incomplete destructive inter-
ference. The corresponding circular dichroism (Fig. 3(d)–(e))
shows – following the behavior of Ω푣(퐤) and the OAM – anopposite character at the two inequivalent Dirac points. While
irradiating with LCP light results in a much larger probability
of creating a photoelectron in the vicinity of the K point, RCP
light dominates the emission from the region around K′. Inte-
grating the momentum-resolved signals yields a clear picture
(Fig. 3(f)–(g)). The first-principles TDDFT results are quali-
tatively well reproduced by the TB+PW model, underpinning
the intrinsic character of the dichroism.
C. Bismuthane
To demonstrate the generic character of the connection be-
tween the Berry curvature and circular dichroism, we consider
single-layer hydrogenated bismuthane (BiH), see Fig. 4(a).
Bismuth on the hexagonal lattice is one of most promising can-
didates for realizing 2D TIs [20, 21] due to its strong intrinsic
SOC.Amonolayer of hexagonal Bismuth has been experimen-
tally characterized on a SiC substrate [20]. Free-standing bis-
muth has 푝푥, 푝푦 and 푝푧 orbitals contributing to the bands closeto the Fermi energy; removing the 푝푧 orbitals from this energyrange has been identified as a key mechanism [21]. The hydro-
gen atoms fulfill exactly this purpose. The system is slightly
buckled, but still possesses inversion symmetry, such that the
spin states are degenerate. Artificially turning off the SOC,
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FIG. 3. (a) Berry curvature Ω푣(퐤) of the top valence band, com-paring TDDFT and TB result. The OAM amounts to 퐿푧 = 0.1 atK and 퐿푧 = −0.1 at K′. (b)–(c): total ARPES intensity 퐼tot(퐤, 휀푓 )at 휀푓 = 45.811 eV. (d)–(e): Corresponding circular dichroism. Thecolor coding is analogous to Fig. 2. The integrated signals as a func-
tion of the binding energy at K′ (f) and K (g), respectively.
turns BiH into a Dirac semimetal (Fig. 4(b)), while the SOC
opens a large gap of ≃ 800 meV at K and 퐾 ′.
Due to the TRS, the Berry curvature (see Fig. 1) is oppo-
site for spin-up and spin-down electrons, respectively. Hence,
sAPRES is required to distinguish the spin species. Fig. 4(c)
shows the integrated ARPES signals for both spin channels,
in analogy to the non-spin resolved case of Fig. 3(f) and (g).
We are focusing on the top valence band. As expected from
the case of the TI in Fig. 1, the Berry curvature has the sign
at both K and K′, and so has the OAM. The behavior is op-
posite for spin-up and spin-down, respectively; note that the
global TRS implies 퐼CD,↑(퐤, 휀푓 ) = −퐼CD,↓(−퐤, 휀푓 ). Hence,the integrated circular dichroism has the same sign, confirm-
ing that BiH is a spin Chern insulator. To corroborate the
topological nature of the dichroism, we have switched off the
SOC within the TB+PW model. We find vanishing valley-
integrated dichroism, which is consistent with the signatures
of a Dirac semimetal like graphene.
As a second example of a spin Chern insulator we can con-
sider graphene. Even though SOC is very weak in graphene, it
theoretically also renders graphene a spin Chern insulator [1],
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FIG. 4. (a) Lattice structure of hexagonal BiH. (b) Band structure
of BiH (obtained from DFT), fully including SOC (black) and to
comparing to the case without any SOC (blue lines). (c) Integrated
dichroic signal as in Fig. 2 for spin-up (left) and spin-down electrons
(right panels) at K (upper) and K′ (lower panels), respectively.
so it is instructive in this context to study graphene with SOC.
However, the SOC induced gap of∼ 25휇eV [51] is very small,
so that graphene in practice behaves like a trivial material, as
discussed above. In order to reveal the dichroic signature of the
topologically nontrivial phase, we artificially enhance the SOC
by a factor of 500. This allows to directly observe the impact
of the Kane-Mele mechanism [52] on the circular dichroism.
The opening of the topological gap is shown in Fig. 2(b). The
integrated intensities in Fig. 2(b) show a very good agreement
between the full TDDFT calculations and the TB+PWcalcula-
tions for the unpolarized intensity 퐼tot . The circular dichroismis overestimated by the TB+PW model by a factor of ∼ 20.
This indicates that the circular dichroism due to scattering ef-
fects (which are missing in the TB+PW model) is competing
with the intrinsic dichroism. Nevertheless, the qualitative be-
havior in both approaches clearly shows a non-vanishing total
circular dichroism – and thus reveals a topologically nontrivial
state.
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FIG. 5. Energy- and valley-integrated circular dichroism 푆CD aroundthe K (a) and K′ (b) valley, respectively, as a function of the phase 휙
and gap parameter 푀 . (c): asymmetry signal Δ푆CD (see text): redcolor corresponds to Δ푆CD = 1, blue to Δ푆CD = −1, and white to
Δ푆CD = 0. The dashed lines represent the critical gap푀crit(휙), forwhich 푀 > 푀crit(휙) turns the system into a trivial insulator. TheChern numbers 퐶 are given for each phase. The parameters are anal-
ogous to graphene, with 퐽 ′ = 0.1퐽 .
D. Universal phase diagram for graphene-like systems
The examples for the three cases of 휋-conjugate systems dis-
cussed above – Dirac semimetal (graphene), trivial insulator
(hBN) and topological insulator (graphene with SOC) – can
all be described on the TB level by the Haldane model [53].
The Haldane model is characterized by the gap parameter푀 ,
nearest-neighbor hopping 퐽 , next-nearest neighbor hopping
퐽 ′, and the associated phase 휙. For 푀 = 2.14퐽 , 퐽 ′ = 0,
휙 = 0, the TB model of hBN is recovered, while 푀 = 0,
퐽 ′ = −0.0473퐽 , 휙 = arg(퐽 ′ − 푖휆) corresponds to the TB
model for graphene with SOC strength 휆 [19, 52].
The good qualitative agreement between the ab initio
TDDFT data and the results from the TB+PW model in all
considered cases demonstrates the predictive power of the sim-
plified description. Hence, the TB+PW approach may be used
to explore the full phase diagram of the Haldane model, pro-
viding a comprehensive picture of the circular dichroism in
graphene-like systems. For our analysis, we have adopted the
parameters and atomic orbitals from graphene, but replaced
the TBHamiltonian by theHaldanemodel. We have computed
the 퐤-integrated (over the region shown in Fig. 2(b)) signal
퐼CD(K(′), 휀), as in Fig. 2, and in addition integrated over thebinding energy 휀. The such integrated (but valley-resolved)
dichroic signal 푆CD(K(′)) = ∫ 푑휀 퐼CD(K(′), 휀) is shown inFig. 5 (a)–(b).
As Fig. 5(a)–(b) demonstrates, the system exhibits a total
dichroism (dominated by LCP light) for 휙 < 휋 and small
enough푀 . For larger푀 , the dichroism stays positive around
the K point, while it becomes negative at K′. The behavior
for 휙 > 휋 is inverted. This suggests the following measure-
ment strategy: if both 푆CD(K) > 0 and 푆CD(K′) > 0, thesystem represents a Chern insulator. Similarly, 푆CD(K) < 0and 푆CD(K′) < 0 should correspond to a Chern insulator withopposite Chern number. The case 푆CD(K)푆CD(K′) < 0 indi-cates a topologically trivial phase. All these cases can be cap-
tured by definingΔ푆CD = (sign[푆CD(K)]+sign[푆CD(K′)])∕2,which is presented in Fig. 5(c) and compared to the topological
phase diagram of the Haldane model.
Fig. 5(c) demonstrates a close relation between the circular
dichroism and the topological state, since the region Δ푆CD =
1 (Δ푆CD = −1) is almost identical to the parameter space withChern number 퐶 = 1 (퐶 = −1). In contrast, the topologically
trivial regime (퐶 = 0) is characterized by Δ푆CD = 0. Thecorresponding topological phase diagram shown in Fig. 5(c) is
also consistent with the previous results: the hBN case would
be recovered for large enough푀 (outside the plotted range),
while the TB model for graphene with SOC for the spin-up
(spin-down) species is equivalent to the Haldane model with
휙 = 17◦ (휙 = 343◦).
The good agreement between the properties of the CD and
the topological phase diagram can be further supported by an
analytical evaluation of the TB+PW model (detailed in Ap-
pendix E). Assuming unperturbed atomic orbitals, we explictly
calculate the matrix elements 푀 (±)(퐤, 푝⟂) = ⟨퐤, 푝⟂|휖̂(±) ⋅
퐫|휓퐤푣⟩ and the asymmetry Δ(퐤, 푝⟂) = |푀 (+)(퐤, 푝⟂)|2 −|푀 (−)(퐤, 푝⟂)|2. This quantity is, up to the energy conserva-tion in Eq. (4), equivalent to the dichroic ARPES intensity.
Under these assumptions one can derive
Δ(퐤, 푝⟂) ∝ 휎푧(퐤)[퐤 × 흉]푧 휑̃(푘, 푝⟂)휕푘휑̃(푘, 푝⟂) , (6)
where 흉 is the vector connecting the sublattice sites, while
휑̃(푘, 푝⟂) is the Fourier transform of the atomic 푝푧 wave func-tion (depending on the modulus 푘 = |퐤| only).
The most important term is the orbital pseudospin 휎푧(퐤) =
푃A(퐤) −푃B(퐤), measuring the difference in orbital occupation
푃A,B(퐤) of the sublattice sites. In a topologically trivial state,only the lower-energy site is predominantly occupied (for in-
stance, the nitrogen site in hBN), hence 휎푧(퐤) < 0 across thewhole BZ. Therefore, Eq. (6) yields opposite signs at 퐤 = K
and 퐤 = K′. In contrast, in a topologically nontrivial state
the orbital inversion leads to a change of sign of 휎푧(퐤) in theBZ. In particular, 휎푧(K) and 휎푧(K′) must have opposite signs.Therefore, the asymmetry (6) has the same sign at both K and
K′. Hence, the analytical model clearly shows that the total
dichroism changes at a topological phase transition.
V. DISCUSSION AND CONCLUSION
We have presented a detailed investigation of ARPES and,
in particular, the circular dichroism from 2D graphene-like
systems. The results were obtained by first-principles calcula-
tions of the ARPES intensity based on TDDFT, and comple-
mented by the analysis of a simple TB model.
In general, circular dichroism in photoemission can have
multiple origins. For instance, interference and scattering ef-
fects from the lattice give rise to distinct dichroism. However,
in a system possessing both inversion and TRS (like graphene
without SOC), the valley-integrated CD vanishes. Our main
focus was not the dichroism related to lattice effects, but that
originating from an intrinsic property of the underlying band.
In this context, hBN is an ideal test system. In this case, the
broken inversion symmetry gives rise to a pronounced Berry
curvature and associated OAM. The distinct OAM states at
the two inequivalent Dirac points directly translates into a pro-
nounced valley-integrated dichroism. This is underpinned by
the TBmodel. We stress that the connection between theOAM
7and the dichroism is generic and not restricted to graphene-like
systems, as confirmed by the example of single-layer BiH. A
pronounced valley dichroism can also be expected in mono-
layer transition metal dichalcogenides of the type MX2 [54].Hence, dichroic ARPES provides an excellent tool for study-
ing the OAM and valley topological effects. We stress that
the sensitivity to the local Berry curvature is a distinct feature
of (spin-resolved) ARPES with its resolution in momentum
space.
The example of BiH shows that the TRS breaking associ-
ated with the restriction to one spin species results in total
dichroism. Analogous effects are present in graphene with en-
hanced SOC. Hence, measuring circular dichroism from a 2D
system allows to directly determine its topological property,
even for a TI with overall TRS. The key aspect is the spin res-
olution provided by spin-resolved ARPES. This is in contrast
to, for instance, optical absorption, which could not distinigu-
ish the spin species and would thus result in zero dichroism for
spin Chern insulators, which constitute themajority of existing
2D TIs. Hence, measuring circular dichroism in spin-resolved
ARPES provides a powerful tool for the identification of TIs.
Furthermore, the extension of ARPES to the time domain
(tARPES) [55–57], offers a new way of tracing and defining
transient topological phenomena. For instance, the build-up
of light-induced topological states [58–65] should be observ-
able with tARPES in real time. This is particularly impor-
tant as laser-heating effects typically lead to thermalization
at high temperature, where the Hall conductance is not quan-
tized [66, 67]. In contrast, the energy selectivity of ARPES
allows to identify the topological character of the individual
bands, thus providing a conclusive result even in highly ex-
cited systems.
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Appendix A: Spin-orbit coupling effects in graphene and BiH
In this appendix we show that 푆푧 as approximate quan-tum number for the systems with SOC which we discuss in
this work. To this end, we have solved the Kohn-Sham equa-
tions including the SOC (numerical details in Appendix C),
treating the Bloch wave-functions |Ψ퐤훼⟩ as general spinors.This allows for calculating the expectation value 푆푧(퐤) =⟨Ψ퐤훼|푠̂푧|Ψ퐤훼⟩, where 푠̂푧 = (ℏ∕2)휎̂푧 denotes the operator ofthe z-projection of the spin.
Sz(a) (b)
εF
εF
FIG. 6. Spin expectation value 푆푧(퐤) of the predominantly spin-upbands for (a) graphene with enchanced SOC, and (b) BiH. The color
bar is in units of ℏ.
Fig. 6 shows 푆푧(퐤) for both graphene with enhanced SOCas well as for BiH with full intrinsic SOC. We have focused
on the bands with predominant spin-up character close to the
Fermi energy. As Fig. 6 demonstrates, 푆푧(퐤) is very close to
+ℏ∕2 in the vicinity of the K and K′ point for the top valence
band and most parts of the bottom conduction band. Hence,
푆푧 can be regarded as good quantum number, justifying theblock-diagonal structure of the Hamiltonian (1).
Appendix B: wave packet picture
To understand the self-rotation and the associated orbital
magnetic moment, we employ the wave packet picture [68].
Let us consider a wave packet with respect to band 훼 of the
form
푊퐤훼(퐫) = ∫ 푑퐪 푎(퐤,퐪)휓퐪훼(퐫) = ∫ 푑퐪 푎(퐤,퐪)푒i퐪⋅퐫푢퐪훼(퐫) .
(B1)
For computing ARPES matrix elements, it is convenient to in-
troduce an analogue of cell-periodic functions by 퐹퐤훼(퐫) =
푒−i퐤⋅퐫푊퐤훼(퐫). The envelope function 푎(퐤,퐪) represents a nar-row distribution around a central wave vector 퐤; its precise
functional form does not play a role. Denoting the center of
the wave packet by
퐫푐 = ⟨푊퐤훼|퐫|푊퐤훼⟩ = ⟨퐹퐤훼|퐫|퐹퐤훼⟩ , (B2)
one defines [38] the angular momentum as
⟨퐋̂⟩ = ⟨푊퐤훼|(퐫 − 퐫푐) × 퐩̂|푊퐤훼⟩ = ⟨퐹퐤훼|(퐫 − 퐫푐) × 퐩̂|퐹퐤훼⟩ ,(B3)
where 퐩̂ denotes the momentum operator. The wave packet
representation of OAM (B3) naturally leads to the so-called
modern theory of magnetization [69] in the limit of 푎(퐤,퐪) →
훿(퐪 − 퐤).
81. Expansion in eigenfunctions of angular momentum
To quantify the OAM, we expand the wave packet 퐹퐤훼(퐫)
onto eigenfunctions of the OAM 퐿̂푧:
퐹퐤훼(퐫) =
1√
2휋
∑
푚
퐤훼,푚(푠, 푧)푒i푚휃 . (B4)
Here, 휃 is the angle measured in the 2D plane, taking 퐫푐 asthe origin, while 푠 = |퐫∥ − 퐫푐| is the corresponding distance.Inserting the expansion (B4) into Eq. (B3) yields the simple
expression
⟨퐿̂푧⟩ =∑
푚
푚∫
∞
0
푑푠 푠∫
∞
−∞
푑푧 ||퐤훼,푚(푠, 푧)||2
≡∑
푚
푚푃퐤훼(푚) . (B5)
Hence, a nonzero orbital angular momentum projection in the
푧 direction can be associated with an imbalance of the occu-
pation of angular momentum states 푃퐤훼(푚).
2. Photoemission matrix elements
Approximating the initial Bloch states |휓퐤훼⟩ by the wavepacket state |푊퐤훼⟩ and the final states by plane waves, thedipole matrix elements are given by
푀 (±)훼 (퐩, 푝⟂) = ∫ 푑퐫∥∫
∞
−∞
푑푧 푒−i퐩⋅퐫∥푒−i푝⟂푧(푥 ± i푦)푊퐤훼(퐫)
= 1√
2 ∫ 푑퐫∥∫
∞
−∞
푑푧 푒−i(퐩−퐤)⋅퐫∥푒−i푝⟂푧(푥 ± i푦)퐹퐤훼(퐫) .
(B6)
Nowwe insert the angular-momentum representation (B4) and
the plane-wave expansion around 퐫푐
푒i(퐩−퐤)⋅퐫∥ = 푒i(퐩−퐤)⋅퐫푐
∑
푚
i푚퐽푚(|퐩 − 퐤|푠)푒i푚(휃−휃(퐩,퐤)) ,
where 휃(퐩,퐤) is the angle defining the direction of 퐩∥−퐤, intoEq. (B6). Thus, we can express the matrix elements as
푀 (±)훼 (퐩, 푝⟂) = 푒
i(퐩−퐤)⋅퐫푐
∑
푚
(−i)푚±1푒i(푚±1)휃(퐩,퐤)
× ∫
∞
0
푑푠 ∫
∞
−∞
푑푧 푒−i푝⟂푧퐽푚±1(|퐩 − 퐤|푠)푠2퐤훼,푚(푠, 푧) . (B7)
Assuming the distribution 푎(퐤,퐪) to be sufficiently narrow,
such that Bloch states are recovered, the energy conservation
implies 퐩 ≈ 퐤. As 퐽푚(푥) → 0 for 푥 → 0 with 푚 ≠ 0, onlythe term with 푚 = 0 contributes to the sum in Eq. (B7). The
dominant matrix element simplifies to
푀 (±)훼 (퐤, 푝⟂) = ∫
∞
0
푑푠 ∫
∞
−∞
푑푧 푒−i푝⟂푧푠2퐤훼,∓1(푠, 푧) . (B8)
This expression demonstrates that the asymmetry of OAM
eigenstates with 푚 = ±1 determine the circular dichroism.
m
k = K' k = Γ k = K
P k
α(m
)
FIG. 7. Weights of the projections onto OAM eigenfunctions accord-
ing to Eq. (B4) for the TB model of hBN. The width of the distribu-
tion is Δ푘 = 0.025 in reduced coordinates. The arrows indicate the
dominant contribution for the matrix elements (B8).
3. Illustration for hBN
In order to illustrate the discussion above, we have con-
structed Bloch wave packets according to Eq. (B1), choos-
ing a distibution function 푎(퐤,퐪) = 푎0 exp[−(퐪−퐤)2∕(2Δ푘2)](푎0 is a normalization constant). The underlying Bloch wavefunctions are constructed using the TB model for hBN.
We have computed the projection onto planar OAM eigen-
functions (Eq. (B4)) and the corresponding weights 푃퐤훼(푚) =for the valence band (훼 = 푣), as presented in Fig. (7). As
Fig. (7) demonstrates, the OAM eigenstate 푚 = −1 (푚 = +1)
dominates at 퐤 = K′ (퐤 = K). At 퐤 = K′, we expect pho-
toelectrons emitted by RCP light – this is in line with Fig. 3.
The behavior at 퐤 = K is reversed. In contrast, at 퐤 = Γ
the weights are symmetric. Hence, vanishing dichroism is ex-
pected around the Γ-point; we have confirmed this behavior
by explicitly calculating the circular dichroism within the full
TB+PW model.
Appendix C: Ab-initio ARPES simulations: numerical details
The evolution of the electronic structure under the effect of
external fields was computed by propagating the Kohn-Sham
(KS) equations in real space and real time within TDDFT as
implemented in the Octopus code [70–73]. We solved the
KS equations in the local density approximation (LDA) [74]
with semi-periodic boundary conditions. For all the systems
considered, we used a simulation box of 120 푎0 along thenon-periodic dimension and the primitive cell on the peri-
odic dimensions with a grid spacing of 0.36 푎0, and sam-pled the Brillouin zone with a 12×12 k-point grid. We mod-
eled graphene with a lattice parameter of 6.202 푎0 and hBNwith 4.762 푎0. Time and spin-resolved ARPES was calculatedby recording the flux of the photoelectron current over a sur-
face placed 30 푎0 away from the system with the t-SURFFPmethod [28, 75] – the extension of t-SURFF [76, 77] to pe-
riodic systems. All calculations were performed using fully
relativistic HGH pseudopotentials [78].
9Appendix D: Tight-binding modelling
1. Tight-binding representation of initial states
Within the TB model, we approximate the Bloch states
휓퐤훼(퐫) by
휓퐤훼(퐫) =
1√
푁
∑
퐑
푒i퐤⋅퐑휙퐤훼(퐫 − 퐑)
= 1√
푁
∑
퐑
∑
푗
퐶훼푗(퐤)푒i퐤⋅(퐑+퐭푗 )푤푗(퐫 − 퐑) . (D1)
Here, we are employing the convention where the phase fac-
tor 푒i퐤⋅퐭푗 (퐭푗 denotes the sublattice site positions) is directly in-cluded in the definition (D1) of the Bloch states.
For all considered systems, we have constructed a nearest-
neighbour (NN) TB model and fitted the onsite and hopping
energy to the respective bandstructure of the DFT calculation.
For graphene with enhanced SOC, we have used the next-NN
model from Ref. [52] and fitted the corresponding SOC pa-
rameter. For BiH, we used the effective TB Hamiltonian from
Ref. [21] for the subset of 푝푥 and 푝푦 orbitals. In all cases, thebandstructure obtained by the TB models matches the DFT
energies close to the K and K′ point very well.
The TB Wannier orbitals are approximated as
푤훾푗 (퐫) = 퐶푗퐮훾 ⋅ (퐫 − 퐭)푗 exp
[
−훼푗(퐫 − 퐭푗)2
]
, (D2)
where 퐮훾 is the unit vector in the direction 훾 = 푥, 푦, 푧. Theparameters 퐶푗 and 훼푗 are fitted to atomic orbitals.
2. Matrix elements
To further simplify the analysis, we approximate the final
states as plane-waves (PW). The cell-periodic part 휒̃퐩,푝⟂ (퐫) =
푒−i퐤⋅퐫휒퐩,푝⟂ (퐫) thus reduces to 휒̃퐩,푝⟂ (퐫) = 푁−1∕2푒i푝⟂푧, where
푁 is the normalization as in the Wannier representation (D1).
Due to the periodicity of both the initial and final states, the
matrix element entering Eq. (4),
푀훼(퐩, 푝⟂) = ⟨휒퐩,푝⟂ |휖̂ ⋅ 퐫|휓퐤훼⟩, (D3)
is only nonzero if 퐩 = 퐤 + 퐆, where 퐆 is a reciprocal lattice
vector. Here, we focus on ARPES from the first BZ, so that
퐆 = 0.
To evaluate the photoemission matrix element in the length
gauge, we employ the identity
퐫휓퐤훼(퐫) = i푒i퐤⋅퐫∇퐤푢퐤훼(퐫) − i∇퐤휓퐤훼(퐫) ,
which transforms the dipole operator into a cell-periodic ex-
pression. Inserting the Wannier representation (D1) into Eq.
(D3), we find for the matrix elements
푀훼(퐤, 푝⟂) =
i√
푁
∑
퐑
∫ d퐫 휒̃∗퐤푝⟂ (퐫)휖̂ ⋅ ∇퐤
[
푒−i퐤⋅(퐫−퐑)휙퐤훼(퐫 − 퐑)
]
− i
푁
∑
퐑
∫ d퐫 휒∗퐤푝⟂ (퐫)휖̂ ⋅ ∇퐤
[
푒i퐤⋅퐑휙퐤훼(퐫 − 퐑)
]
=
√
푁 ∫ d퐫 휒∗퐤푝⟂ (퐫)휖̂ ⋅ 퐫휙퐤훼(퐫) − 1√푁 ∑퐑 휖̂ ⋅ 퐑∫ d퐫 휒∗퐤푝⟂ (퐫)휙퐤훼(퐫) . (D4)
The derivation is analogous to Ref. [79]. The second term in
Eq. (D4) vanishes.
Note that the origin 퐫0 from which the dipole is measured(퐫 → 퐫 − 퐫0) is arbitrary if exact scattering states |휒퐩,푝⟂⟩ areused. However, within the PW approximation, the initial and
final states are not exactly orthogonal, which results in a slight
dependence on 퐫0. Here, we consistently choose 퐫0 = (퐭퐵 −
퐭퐴)∕2, where 푗 = 퐴,퐵 denotes the sublattice sites. This choiceencodes as many symmetries as possible and leads to a very
good agreement of the ARPES intensity between TDDFT and
the TB approach.
Defining the Fourier transformed Wannier orbitals by
휑푗(퐤, 푝⟂) = ∫ d퐫 푒−i퐤⋅퐫푒−i푝⟂푧푤푗(퐫) , (D5)
the matrix elements can be expressed via
푀훼(퐤, 푝⟂) = i
∑
푗
퐶훼푗(퐤)푒i퐤⋅퐭푗 휖̂ ⋅
[
i∇퐤 − 퐫0
]
휑푗(퐤, 푝⟂) .
(D6)
Appendix E: Pseudospin picture
In this appendix we demonstrate that the circular dichroism
for 휋-conjugate systems like graphene and hBN is directly re-
lated to the orbital pseudospin. This provides a clear link to a
topological phase transition, which is characterized by a sign
change of the pseudospin in the BZ.
The starting point is the expression (D6) for the matrix el-
ement in the length gauge. The Fourier transformation of the
Wannier orbital centered around 퐭푗 can be conveniently ex-
10
pressed as 휑푗(퐤, 푝⟂) = 푒−i퐤⋅퐭푗 휑̃푗(퐤, 푝⟂). In particular, if theWannier orbital 푤푗(퐫) is radially symmetric around 퐭푗 andsymmetric or antisymmetric along the 푧-axis, 휑̃푗(퐤, 푝⟂) be-comes a purely real or imaginary function. Simplifying Eq.
(D6) in this way, we obtain
푀훼(퐤, 푝⟂) = 휖̂ ⋅
∑
푗
퐶훼푗(퐤)(퐭푗 − 퐫0 + i∇퐤)휑̃푗(퐤, 푝⟂) .
The difference of the modulus squared matrix elements upon
inserting 휖̂(±) yields
Δ훼(퐤, 푝⟂) ≡ |||푀 (+)훼 (퐤, 푝⟂)|||2 − |||푀 (−)훼 (퐤, 푝⟂)|||2
= 2Im
∑
푗,푙
퐶훼푗(퐤)퐶∗훼푙(퐤)
[
[(퐭푗 − 퐫0)휑̃푗(퐤, 푝⟂) + i∇퐤휑̃푗(퐤, 푝⟂)
]
×
[
(퐭푙 − 퐫0)휑̃∗푙 (퐤, 푝⟂) − i∇퐤휑̃
∗
푙 (퐤, 푝⟂)
]
, (E1)
where we take the 푧 component of the vector product. Further evaluating Eq. (E1), the matrix element asymmetry can be
decomposed into two terms
Δ훼(퐤, 푝⟂) = Δ(1)훼 (퐤, 푝⟂) + Δ(1)훼 (퐤, 푝⟂) , (E2)
where
Δ(1)훼 (퐤, 푝⟂) = 2Re∑
푗,푙
퐶훼푗(퐤)퐶∗훼푙(퐤)
[
(퐭푙 − 퐫0)휑̃∗푙 (퐤, 푝⟂) × ∇퐤휑̃푗(퐤, 푝⟂) + (퐭푗 − 퐫0)휑̃푗(퐤, 푝⟂) × ∇퐤휑̃
∗
푙 (퐤, 푝⟂)
] (E3)
and
Δ(2)훼 (퐤, 푝⟂) = 2Im∑
푗,푙
퐶훼푗(퐤)퐶∗훼푙(퐤)∇퐤휑̃푗(퐤, 푝⟂) × ∇퐤휑̃
∗
푙 (퐤, 푝⟂) . (E4)
Both the contributions (E3) and (E4) are important. How-
ever, assuming a radial symmetry of the Wannier orbitals
around their center renders 휑̃푗(퐤, 푝⟂) real and, furthermore,
휑̃푗(퐤, 푝⟂) = 휑̃푗(푘, 푝⟂). In this case, Δ(2)훼 (퐤, 푝⟂) = 0.Let us now specialize to the two-band TBmodel of graphene
or hBN. The atomic p푧 orbitals fulfill the above requirement.Thus, we arrive at
Δ(1)훼 (퐤, 푝⟂) = 4푘
∑
푗,푙
Re
[
퐶훼푗(퐤)퐶∗훼푙(퐤)
]
⋅
(
(퐭푙 − 퐫0) × 퐤
)
휑̃푗(푘, 푝⟂)휑̃′푙(푘, 푝⟂) .
Here, ∇퐤휑̃푗(푘, 푝⟂) = (퐤∕푘)휑̃′푗(푘, 푝⟂) has been exploited. Fur-thermore, the sublattice sites 푗 = A,B are equivalent, such that
휑̃푗(푘, 푝⟂) = 휑̃(푘, 푝⟂). Inserting 퐫0 = (퐭퐵 − 퐭퐴)∕2 and 퐭퐴 = 0,
퐭퐵 = 흉 , the asymmetry simplifies to
Δ(1)훼 (퐤, 푝⟂) = 2푘
(|퐶훼퐴(퐤)|2 − |퐶훼퐵(퐤)|2) [퐤 ⋅ 흉]푧
× 휑̃(푘, 푝⟂)휑̃′(푘, 푝⟂). (E5)
Eq. (E5) contains an important message: the difference of the
sublattice site occupation, or, in other words, the pseudospin
휎푧(퐤) = |퐶훼퐴(퐤)|2 − |퐶훼퐵(퐤)|2 (E6)
determines the sign of the dichroism in each valley. For
graphene, one finds 휎푧(퐤) = 0 and hence no circular dichroismis expected.
Furthermore, a topological phase transition can be detected
based on Eq. (E5). To support this statement, let us express
the generic two-band Hamiltonian by
ℎ̂(퐤) = 퐃(퐤) ⋅ 흈̂ . (E7)
The main difference between a topologically trivial and non-
trival system is the zero crossing of the퐷푧(퐤) component. Thestates (spin-up or spin-down) correspond to sublattice sites;
the Pauli matrices represent pseuspin operators, analogous to
Ref. [59]. Suppose that the second state (spin-down) possesses
a lower energy (like in hBN, where the nitrogen lattice site has
a deeper potential), corresponding to 퐷푧(퐤) < 0. The eigen-state of the Hamiltonian (E7) then reads
퐂(퐤) = 1
(
퐷푧(퐤) − |퐃(퐤)|
−퐷푥(퐤) + i퐷푦(퐤)
)
. (E8)
Evaluating the pseudospin in the 푧-direction yields
휎푧(퐤) =
2
 퐷푧(퐤)
(|퐃(퐤)| −퐷푧(퐤)) < 0 .
a. Trivial case— Assuming퐷푧(퐤) < 0 across the wholeBZ (which yields a trivial band insulator) then leads to oppo-
site dichroism at K and K′. This is a direct consequence of
TRS: 휎푧(퐤) = 휎푧(−퐤). Thus, we find
∫푉1푑퐤Δ
(1)
훼 (퐤, 푝⟂) = −∫푉2푑퐤Δ
(1)
훼 (퐤, 푝⟂) . (E9)
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b. Topologically nontrivial case— In contrast, a topo-
logically nontrivial phase is chacterized by퐷푧(퐤) > 0 in somepart of the BZ. One can show that the eigenvector in the vicin-
ity of K′ has to be chosen as
퐂(퐤) = 1
(
퐷푧(퐤) + |퐃(퐤)|
퐷푥(퐤) + i퐷푦(퐤)
)
, (E10)
which results in
휎푧(퐤) =
2
 퐷푧(퐤)
(|퐃(퐤)| +퐷푧(퐤)) > 0 .
For this reason, the pseudospin 휎푧(퐤) is has the same sign atboth K and K′. Therefore, this behavior is reflected in the ma-
trix element asymmtry (E5), and thus the relation (E9) breaks.
Hence, the following simple criterion can be formulated: if
the valley-integrated circular dichroism has the same sign at
K and K′, the system represents a Chern insulator. This con-
clusion is supported by the ab initio calculations for graphene
with enhanced SOC and the discussion of the Haldane model
in the main text.
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